We present three new methods for modeling broad-bandwidth, nanosecond optical parametric acillators in the plane-wave approximation. Each accounts for the group-velocity differences that determine the operating linewidth of unseeded optical parametric oscillators, and each allows the signal and idler waves to develop from quantum noise. The first two methods are liased on split-step integration methods in which nonlinear mixing and propagation are calculated separately on alternate steps. One method relies on Fourier transforming the fields between t and w to handle propagation, wiih mixing integrated over a AZ step: the other transforms between z and IC, in the propagation step, with mixing integrated over At. The third method is based on expansion of the three optical fields in terms of their respective longitudinal empty cavity modes, taking into account the cavity boundary conditions. Equations describing the time development of the mode amplitudes are solved to yield the time dependence of the three output fields. These plane-wave models exclude diffractive effects, but can he readily extended to include them. 
INTRODUCTION
In recent years the discovery of new nonlinear optical materials, improvements in the performance of solid-state pump lasers, and progress in high-damage-threshold optics has stimulated renewed interest in optical parametric oscillators (OPO's). Despite recent progress, these devices have yet to reach their full potential as sources with broad tunability, narrow linewidth, and good beam quality. One reason is their behavior is more complex than is often appreciated. This complexity makes computer simulations essential in interpreting laboratory observations and in optimizing OPO designs. We reported earlier on a numerical model' of nanosecond, pulsed OPO's that included diffraction. birefringent walk off, and pump depletion. Its predictions agreed well with detailed measurements of spatial beam profiles and beam quality, spatially-resolved temporal pulse shapes, and frequency spectra for a singlefrequency, injection-seeded KTP ring OPO. The primary limitation of that model was its assumption of narrow bandwidth operation which is appropriate for injection-seeded, singlelongitudinal-mode devices pumped by single-longitudinal-mode pulses, but not for broad bandwidth operation or for multi-longitudinal-mode pumps. To address this shortcoming, we present here three new methods for modeling multimode, or broad-bandwidth OPO's 4 pumped by single-mode or multimode lasers, in the plane-wave limit. Each method can be extended to include diffraction and birefringent walk off, but that work is deferred, in part due to the computing power Fequired for such a comp1et.e model.
1.
These models of broad-bandwidth 0PO's.should prove useful in understanding the spectral properties of unseeded, or free running, pulsed OPO's that start from quantum noise, and also in understanding the conditions necessary for injection seeding them. For example, we noted in an earlier paper2 that a free-running, pulsed OPO generated broadband light with nearly pure phase modulation. The models presented here can test the generality of this observation. They can also be useful in predicting line widths and efficiencies of free running OPO's, , I . ,,,,, and , , with i , i l ' realistic quantum noise models: they can predict the pulse-to-pulse fluctuations. in qutput :spectra and conversion efficiency. They we nil1 show, our models meet these criteria.
\Ve have chosen the OPO diagrammed in Fig. 1 as the target for our models, although the extension to other configurations is straightforward. The model must integrate the signal,
idler. and pump wave equations through the crystal including nonlinear source terms, and it must apply appropriate boundary conditions at the mirrors and crystal interfaces.
I .
IVe define the signal field in ternis of a carrier frequency w, by so temporal and spatial structure is described by the coefficient ~, ( t , z The three-wave parametric mixing equations that must be integrated inside the crystal itre well known3 to reduce in the plane-wave limit to
where Ak is the phase velocity mismatch for the carrier waves defined by
and the carrier frequencies satisfy wp = w, + w;.
The second terms on the left in Eqs. (6) (7) (8) In contrast to Fix and W&enstein*, we folloiv the time development of only three waves, the carrier waves for the signal, idler, and pump. Spectra are deduced from the timedependent structure that develops on these waves. Generally, the structure will be nearly periodic with a cavity round-trip repetition time. corresponding to the usual longitudinal cavity modes. The time structure will be smoothed over a time scale of t s i , the signal/idler walk off time, limiting the spectral width to the crystal's acceptance bandwidth or less. Using this approach. Equations (6) (7) (8) , including the group velocity term, have successfully described single-pass parametric mixing of broad-bandwidth pu1ses13-18*20~22*23 as well a s synchronously pumped 0PO:s"'. Two common methods of numerical solution are the Runge-Kutta direct I integration method as outlined by Baker et d e l 3 , and the split-step integration method in which linear propagation steps are alternated with nonlinear mixing steps. We present two examples of the latter method. We also present a method of solution based on the exact cavity equations of motion, which axe derived by expanding the fields in a Fourier series of longitudinal modes. Our mode-expansion formulation allows for spatially non-uniform fields, arbitrary mirror reflectivities, and group velocity mismatch. All three models described below give identical results for simulating broad-band OPO's in the plane-wave limit.
SPLIT-STEP METHOD 1
In our first implementation of the split-step method, the field ( E j ( t , z + Az) is determined from Ej(t,z) by first integrdting the equations without the nonlinear source term. In a reference frame with time transformed to keep the pulse with the fastest group velocity, vm, stationary in time, defined by the spectral response of the crystal that would have a corresponding time transform longer than At. This requirement is almost always met with nonlinear crystals of interest in OPO applications, and is essentially the same assumption made in dropping higher order time derivative terms (group velocity dispersion and higher order dispersion terms) in the mixing equations.
I
Frequency selective intracavity elements such as etalons can be accommodated in this method even though they might have narrow spectral structure. Reflections within an etalon will introduce time delays that cause some of the light from one OPO round-trip time slice to overflow into later slices. This can be handled by passing the fields covering the full currently known time range from t = 0 to t = Nf; through the intracavity element on each pass. Two copies of the fields must be kept. One that has been modified by the element and one that has not. The former is used in the crystal calculations, the latter is passed through the intracavity element to find the new time history after each pass of the cavity.
To illustrate this method: we modeled the OPO of Fig. 1 : using the operating parameters listed in Table 1 . As a starting point we create an input time grid, identical in size for all three waves, with a time step adjusted to resolve the full acceptance bandwidth of the a crystal, and a length sufficient to contain the full duration of the input and output pulses, We fill this grid with the applied pump, signal, and idler fields. The signal and idler fields include quantum noise in addition to any seed light. Quantum noise is simulated by filling each longitudinal, or frequency mode of the input grid with light of random phase and with Gaussian amplitude distribution normalized to an average of one photon per longitudinal mode. Enough modes are filled so the spectrum spans the full acceptance bandwidth of the crystal, and they are centered on the carrier frequency of the signal or idler. These fields are Fourier transformed to the time domain and inserted in the input grid. This gives a Gaussian field amplitude distribution at the input mirror with a correlation time less than the inverse crystal acceptance bandwidth. Usually broad-bandwidth OPO's have linewidths three to five times smaller thhn the crystal acceptance bandwidth, so starting with a noise spectrum slightly broader than the acceptance bandwidth should avoid artificial narrowing of the output spectrum. The time spanned by the input grid is a few times the duration of the pump pulse which in turn is many times the cavity round-trip time! forcing the frequency spacing of the noise modes to be much less than the cavity mode spacing. In this model, the cavity boundary conditions and the crystal gain select the oscillating modes; we make no assumptions about them. We do assume a single Gaussian transverse mode of specified diameter in our simulation. This should be realistic for low-Fresnel-number OPO's which support oscillation on only a single transverse mode. 
SPLIT-STEP METHOD 2
The second model is also based on split-step integration, but rather than transforming between t and w , we transform between z and kz in the propagation half of the split step.
This propagates the fields over equal t steps rather than over equal z steps. In a reference frame with z transformed so the fastest moving pulse is stationary in , -vi] ). All the fields are then clocked one grid space clockwiseover the full cavity and input and output grids, applying the mirror and crystal transmission and reflection coefficients to satisfy boundary conditions. The propagation transform is performed only over the crystal length, rather than over the full cavity. As before, we justify this by noting that ordinarily it is only theiight within the crystal that determines the propagation in the crystal. Buffer zones are appended to the crystal fields similar to those described for method 1 above to avoid aliasing in the FFT's.
The mixing half of the split step consists of integrating Eqs. (6) (7) (8) 
CANTTY-MODE-EXPANSION 'METHOD
The cavity-mode expansion method derives exact, cavity equations of motion for the intracavity fields by expanding each field in terms of the longitudinal spatial modes of the OPO cavity. This approach has been successfully applied to lasers with externally injected fields=.
The key step in expanding the fields in a Fourier series of longitudinal modes is to write the field amplitudes inside the cavity as The motivation is to define amplitudes .4j(t, z) that are continuous throughout the cavity and satisfy periodic boundary conditions at z = 0 and z = L. The 
EXAMPLE RESULTS AND DISCUSSION
In a pair of earlier papers1i2, we presented detailed laboratory measurements of the behavior of two similar KTP ring OPO's. We reported the unseeded linewidths, seed power threshold, c and aset of measurements that indicated the unseeded spectrum was nearly phase modulated with little amplitude modulation. It is interesting to compare the predictions of our new models with these observations. The parameters for the KTP OPO are listed in Table 2 .
First we consider the unseeded spectra. The model predicts large pulse to pulse variation in the signal and idler spectra reflecting the variation in the start up noise. Fig. 4 shows two calculated unseeded spectra under identical operating conditions except for the signal and idler st,arting noise. This large variation is in qualitative agreement with our laboratory observations. Fig. 4 also shows the signal spectrum averaged over 10 pulses. The averaged linewidth is about 2.5 cm-', in good agreement. with the measured linewidth of about 3 cm-l. In these runs the linewidth of the start up noise was 15 cm-I. When cw seed light at the signal wavelength is added, the spectrum narrows as espected. Fig. 5 shows a series of spectra corresponding to seed levels of 0, 1, 10: and 100 n W for the same starting noise in each case. There is slight narrowing with 1 nW, but for 10 nW the seeded mode is about 100 time the strength of the other modes, and for 100 nW the seeded mode is about 1000 time the strength of the other modes. The seed light was exactly resonant with a cavity mode.
This observation of a seeding threshold power of about 10 nW agrees with our measured seeding threshold' of about 10 nW.
The situation with modedcorrelation or phase modulation is more complex In our earlier paper we presented a number of measurements that taken together indicated that.
the light from the KTP OPO was nearly purely phase modulated, although there was no single definitive measurement. We measured directly the signal wave amplitude modulation (AM) at frequencies less than 5 GHz, using a fast oscilloscope and detector. This resolved only the 3.66 GHz adjacent mode beating. We found significant Ah4 with pump levels near threshold, but it disappeared as the pump level was increased to 2 and 3 times threshold.
We also summed the signal and idler waves in a, mixing crystal to create light at the pump wavelength. With no delay between the signal and idler pulses, the reconstructed pump light was nearly monochromatic, but with a delay it developed sidebands. This indicated that the signal and idler waves had large conjugate phase excursions but relatively little AXI.
*
We also frequency doubled the signal wave, comparing doubling efficiency with and without injection seeding. The efficiency changed by 3% or less indicating that the output signal light had much less AM than the quantum noise from which oscillation I builds. From this experimental evidence we conclude that, unlike many Q-switched lasers, an OPO does not amplify the starting noise with weak correlations between modes to give nearly chaotic light.
but rather produces light in several longitudinal modes with strong intermode correlations. Tables 1 and 2 . Signal spectra for OPO of Table 2 pumped at twice threshold. The cw seed power incident on the input mirror is varied from 0 to 100 nW with the same start up noise for each pulse. The spectra are normalized so the sum of the energy in all modes is unity. Bote the scale changes behveen the graphs. Table 1 with pump pulse Auences neax threshold, twice threshold and four times threshold. The pump pulsc is centered a time zero and has a, 7 ns width (FWHM).
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